previously known results, both experimental and theoretical, on electricity and magnetism. It further predicted the existence of electromagnetic waves which were later confirmed experimentally by Hertz. Maxwell's theory was used by Einstein as the ladder to formulate the Theory of Relativity, a scientific revolution which consolidated the foundation of mechanics previously constructed by Newton and paved the way to the atomic age.
The rapid evolution of modern engineering owes much to the advancement of electric science. Since the turn of the century there have been three main areas in electrical engineering which are founded on the science of electromagnetism. They are the electric power industry, electronics, and the atomic and nuclear technology. Maxwell's theory, which is the foundation of electric science, however, was not a wellestablished course in most schools until the middle of the 1920's. For 
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As a consequence, some fundamental aspects to Maxwell's theory are often neglected or, at least, ambiguously put forth.
The main purposes of this paper are to review Maxwell's theory as he presented it and to examine some of its implications and then point out some of the ambiguities found in many presentations. I t is hoped that the opinion expressed by the author will be examined and criticized so that we can ultimately arrive at the most effective presentation of the theory: free of ambiguities and with the least obstruction to students who wish to learn it.
NOMENCLATURE, NOTATION, AND Two FORMULAS

DUE TO HELMHOLTZ AND MAXWELL
Before the major topics are discussed i t is necessary to define a few terms and to introduce two important formulas which will be quoted in the subsequent sections. The significance of the material described in this section will become clear when we discuss the transformation between the integral form and the differential form of Maxwell's equations.
The field quantities encountered in electromagnetic theory are, in general, functions of space and time.
If the quantity under consideration is a vector function and is defined at a fixed point in a reference system i t will be denoted by F ; that is, F = P(x, y , e; t).
(1)
In this case, the spatial variables x , y, and e of the coordinate system and the temporal variable t are independent. If the function is defined a t a point moving with velocity v i t is rather important that we use a different notation for such a quantity. As we will point out later, one of the main ambiguities in presenting electromagnetic theory is due to the use of the same notation for the quantity defined in two different circumstances. In this paper, a vector field defined at a point moving with velocity v with respect to a stationary reference system will be denoted by F*; that is, F* = P ( x , y , z; t).
In this case, the spatial variables and the time variable are not independent. They satisfy the constraint where It, j , and e^ denote the three unit vectors in the Cartesian coordinate system and v the velocity of the moving observer. The motion which is being considered here corresponds to the one defined in the Newtonian mechanics. According to the principles of Newtonian mechanics, the time variable in any two systems moving with respect to each other has the same measure. Thus if we denote the spatial variables and the temporal variable in a stationary reference system and in the moving system, respectively, by (x, y , z ; t ) and (d, y', z'; t'), then the two sets of variables obey the so-called Galilean transformation. If the velocity of the moving system with respect to the stationary system is assumed to be in the positive e direction and the two systems are assumed to be conincident a t t = t ' = 0, then the Galilean transformation is defined by
where the velocity u ( t ) is not necessarily constant. 
I t is obvious that the formula given by (9) is more complete and explicit. When u = 0, S becomes SO and (9) reduces to (7).
Another related formula deals with the line integral of a continuous vector function defined by 14) is implied in Maxwell's work. For convenience we will designate (14) as Maxwell's formula. In summary, we see that both (9) and (14), the two important formulas of Helmholtz and Maxwell, have the same connotation as ( S ) , the substantial derivative of a function.
Before we conclude this section, a brief discussion will be given to the measure of a function as defined in Einstein's Special Theory of Relativity. According to this theory when two frames are in relative motion with constant velocity, the spatial and temporal variables are measured differently in the two systems. The relationship between these two sets of variables is described by the so-called Lorentz transformation in contrast to the Galilean transformation introduced before. If we assume that the two coordinate systems coincide at t=t' = 0 and the primed system is moving in the positive z direction with a constant velocity u=vi with respect to the unprimed system, then
the Lorentz transformation is given by
Equation (16) implies
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The system of differential transformations defined by (17) is quite different from the one defined by (4). One difference between these two transformations is that (17) only applies to constant v while (4) applies to varying v as well.
In this paper we will not review Einstein's Special Theory of Relativity. However, some of the results based on this theory as applied to electromagnetism will be quoted later. In particular, a special notation will be used to denote a quantity which is defined in a moving system according to the Special Theory of Relativity. Thus if F denotes a vector function defined in the stationary frame as described by (l), then F' will be used to denote its value defined in a moving frame in accordance with the relativistic theory. The function F', in general, is different from F* defined previously. To distinguish these two quantities verbally, we say that F* is defined in a moving Galilean frame and F' is defined in a moving Lorente frame. When w/c<<l so that terms involving v/c are negligible, the Lorentz transformation degenerates to the Galilean transformation. Under the same conditions all the primed functions encountered in electromagnetic theory degenerate to the functions with asterisks.
A RECAPITULATION OF MAXWELL'S ORIGINAL WORKS
As the main theme of this paper deals with Maxwell's theory it seems proper to give first a brief review of Maxwell's original work. Maxwell originally enunciated his theory in 1864 in a memoir to the Royal Society entitled "A Dynamical Theory of the Electromagnetic Field," which is now found in the scientist's Collected Works and third edition in 1891 [6] .
The general equations were again identified by letters. There were twelve of them this time, from (A) to (L). The order of these equations was different from the ones found in the memoir. There is no doubt about the importance of these equations in the scientist's mind, as all other equations were numbered or unlabled. The lettered equations were designated as general equations by the scientist.
In both the memoir and the treatise, the modern notation for partial derivatives, such as a/&, was not used. Apparently, it was not the custom at that time. The modern notation of vector analysis was not available yet: instead, the now obsolete quaternion notation was used. \Ye have based our review of these works on the third edition of the book, edited by J. J.
Thomson, and on the original memoir. According to f = J I B . 
where A denotes the vector potential which he called the electromagnetic momentum. Equation (A) was deduced purely from a consideration of Faraday's experimental work on electromagnetic induction. After a n enlightening discussion of the induced electromotive force on a circuit moving with velocity u, he obtained a n integral equation from which he derived the differential equation or, in our notation, According to (B'), our interpretation of (B), when v=O the quantity E* defined in a moving Galilean frame reduces to that defined in a stationary frame, namely E ; hence, (B') reduces to (783-2').
While Maxwell displayed these general equations very prominently in his work, we must not forget that many of them originated from the integral form of these equations.
In particular, (B) was derived from a n integral equation which reads, in the original notation, We shall show later that many of the ambiguities in contemporary books seem to come from a misinterpretation of this part of the theory.
InSection IV we summarize the most important basic equations and derive some other relations which were not discussed by Maxwell, but were obtained by later scientists.
IV. ESSENTIAL INFORMATION OBTAINABLE FROM MAXWELL'S THEORY I t is now known that we can extract three independent differential equations from
Maxwell's system of equations. 
(22)
In such a form these equations are still indefinite unless the constitutive relations are known. Thus, for simple media, we have
(23)
Equations (18)-(20) and (23) then constitute the definite form of Maxwell's theory for simple media.
As discussed in many books we can obtain integral forms
of (18) and (19) :
If we now assume that the functions E and Hare continuous and have continuous derivatives with respect to the spatial variables, an application of Stokes' theorem yields It is understood that the surface of integration is either moving or stationary. If it is moving then the spatial integrals are evaluated at a fixed instant. We shall consider this general case in the subsequent discussion. I t should be pointed out that ( The answer is an affirmative one provided that some additional relations are known. We will present here two methods by which (28) can be derived from (26).
Method 1
I n this method (28) is derived from (26) with the aid of the expression for the Lorentz force on a moving charge. This expression can itself be derived from Maxwell's system of equations (18)-(22) by the method of virtual work or the principle of least action, attributed to Lorentz [7] , as described, for example, by Jeans [8] . The result obtained is that the force acting on a moving charge with velocity u is P = q(E + u X B).
Thus by identifying k as P*/q we have
P = ( E + v X B ) . (29)
One thing we should notice is that (29) is derived using the entire system of Maxwell's equations, not just (18) alone. Equation ( 
The presentation given here is different in certain respects from the one given by Sommerfeld [9] . Sommerfeld presented these equations after the relativistic aspect of electromagnetism is fully exposed, whereas we have adhered to Maxwell's theory without touching on relativity. Equations (34) and (35) were designated by Sommerfeld as the Pauli-Lorentz equations. I t seems that a better nomenclature for these equations would be Faraday-Maxwell's equation for motional electromotive force (EMF) and Amp&-Maxwell's equation for motional magnetomotive force (MMF).
On a previous occasion, we referred to them as equations pertaining to the laws of motional flux [lo] .
The method outlined above depends on the availability of the expressions for the Lorentz force, both electric and magnetic. The introduction of the fictitious .magnetic charge, which is convenient in order to derive the expression for H*,
is not a very desirable one.
An alternative method, which avoids this concept, will, therefore, be discussed.
I n this method we make use of the concept of the principle of relativity as proposed by PoincarC and Einstein without actually applying Einstein's Theory of Relativity. We assume that Maxwell's equations are covariant' in two systems which are moving with respect to each other at a constant velocity and the spatial and temporal variables defined in these two systems satisfy the Galilean transformation. Thus for the fields defined in the moving Galilean frame we have a D* V ' X P = P + -
at' (39)
where V' denotes the differential operator defined in the primed system. The primed variables and the unprimed variables satisfy the transformations (3) and (4). I n view of (4), we can change We have now shown that more general integral forms of the Faraday-Maxwell and the Ampcke-Maxwell equations can be derived starting with the system of differential equations originally derived under the condition of a rest frame. m'hen the surface of integration is stationary, corresponding to u = O , these equations, (34) and (35), reduce to their conventional form, (26) and (27), which can be obtained merely by a simple integration of the original differential equations. Equation (34) is probably the most important equation in the theory of electrical machinery. Equation ( 3 5 ) , not often presented in books on electromagnetism, is useful in investigating the field of a moving charge within the framework of the Galilean transformation. The expression for the Lorentz If the form of the mathematical expression for a physical law is the same in two space-time manifolds, the expression is said to he covariant in the two manifolds. force is important in particle dynamics and its origin can be traced from a t least two different points of view.
V. MAXWELL'S THEORY AND THE SPECIAL
THEORY OF RELATIVITY During the last two decades, a number of books have been published emphasizing the relativistic aspect of electromagnetic theory. By invoking the Theory of Relativity in presenting electromagnetism, one more degree of freedom is gained. I t also reveals the hidden nature of Maxwell's theory much more than the founder himself probably ever realized.
The first comprehensive book of this kind appears to be the one by Cullwick [ll] . In In this paper we will not review these works. However, the integral form of Faraday-Maxwell's equation will be examined again from the relativistic point of view.
According to the Special Theory of Relativity, Maxwell's equations are covariant when expressed in two inertial systems. The inertial systems are defined as two coordinate systems which are moving with respect to each other at a constant velocity. We will use primed and unprimed symbols to denote quantities defined in two inertial systems. The differential equations for the Faraday-Maxwell law then appears as
aB V X E = --at and (49)
Similar pairs of equations can be written in the two systems for the other differential equations in Maxwell's theory. Let us now assume that the two coordinate systems are oriented in the manner described previously in Section I1 when the Lorentz transformation was introduced. By using the differential transformation (17) and substituting them into the primed equations, it is found that the fields transform according to the following relations:
where the dyadic operator e is defined by 
F ) .
It is just a shorthand notation for writing a long vector equation. When terms involving u/c are negligible, all the primed functions reduce to those defined in a moving Galilean frame, e.g., E'= E*.
We now consider the integral form of the Faraday-Maxwell equation as defined in the primed system According to this more precise formulation, an induced EMF is contributed not only by the variation of the magnetic field but also by the spatial and the temporal variation of an electric field! In our daily problems, the contribution due to the variation of the electric field is certainly negligible.
VI. SOME TYPICAL AMBIGUITIES
In this section we call attention to some typical ambiguities found in books on electromagnetic theory. Of the more than one hundred books surveyed for this work, only a few of the important texts are cited, and our criticisms are not meant to detract from the overall value of these books.
The first case to be commented on is the presentation of the equations of motional E M F a n d motional MMF by Stratton [15]. After presenting Maxwell's differential equations, our (18)- (21) , and the integral form of the two curl equations in a stationary frame, our (26) and ( where I was defined [15, p. 31 as Ambiguity appears in two places. First, no special notation was used for E , H, and J in these equations emphasizing the fact that they are defined in a moving Galilean frame. Secondly, the definition of I should not be the same as the one used previously for a stationary circuit.
In another famous book, by Smythe [16] , the presentation of Faraday's law was even more ambiguous. The author first introduced I t is also appropriate in this study to comment on two unconventional formulations of electromagnetic theory treated as a whole. One of them is in the book by Fano et al. [18] . The present author has previously given a detailed interpretation of that formulation from the point of view of the covariance principle [19] . What should be added here concerns the method used by Fano et al. in deriving their field equations and the constitutive relations in a moving medium. The kinematic method adopted by these authors in formulating their field equations involves the ordinary concept of space and time. Galilean transformation is, therefore, used in their discussion of motion and of the material time derivative of field quantities such as dPc/dt and d M c / d t , where PC and Mc denote, respectively, the polarization and magnetization vectors introduced by these authors. In our notation, these two quantities should be designated by PC* and Mc*. To determine the constitutive relations, they ultimately applied the Special Theory of Relativity. As we have shown before [19] , from the point of view of covariance principle, where P' and M' denote the two material vectors defined on a moving Lorentz frame. Thus the presentation of the so-called E H P M v formulation based on the kinematic method and the derivation of the constitutive relations based on the Special Theory of Relativity are not consistent from the conceptual point of view. Such a conflict of concepts does not occur in Minkowski's theory [20] .
A similar conceptual inconsistency occurs in the presentation of Maxwell's theory given by Moon and Spencer [21] , where Maxwell's theory was developed under five postulates. One of them states that the Newtonian concepts of mass, length, time, and force are valid. Such a postulate is in conflict with the relativistic transformation of Maxwell's equations which they treated later. Actually, the Newtonian concept of mass is not involved in Maxwell's theory. In several advanced books on electromagnetism [22] - [24] , the derivation of Maxwell's equations is based on relativistic kinematics and Coulomb's law.
Finally, we should mention the "fallacy" of presenting the boundary conditions as commented on recently by Schelkunoff [25] . The fallacy occurs if one treats (26) and (27) as being derived from (18) and (19) and then apply (26) and (27) to "derive" the boundary conditions without further stipulation. The concern expressed by Schelkunoff was aired before by other authors. Stratton [15, pp. 34-35] has suggested the use of a transition layer to "avoid" such a difficulty. Farraro [26] and Feynman et al. [14, p. 33-41 have presented a detailed treatment using the transition layer model to arrive a t the boundary conditions. I t must be recognized that in any physical science when the laws are expressed in terms of differential equations the boundary conditions can never be derived from these equations.
Thus the transition layer model merely suggests the form of the boundary conditions, since any proof based on a nonvanishing layer width cannot automatically be assumed to hold in the limit of zero width. T o determine the boundary conditions an additional postulate is needed. In the case of Maxwell's theory the boundary conditions can be explicitly postulated or can be deduced from (26) and (27) by assuming them to be valid for any region including discontinuous media.
The boundary conditions thus derived are known to be consistent with all experimental results available to us. Whichever course is followed in presenting Maxwell's theory is now a matter of personal preference. . The recommendation dealt mostly with electrostatics, magnetostatics, and units and made no comment on the teaching of electromagnetic theory as a whole. I t is hoped that this article may stimulate some interest among the teachers of electromagnetic theory as to how the entire subject should be taught.
In studying this subject over a span of years the author has prepared a list of renowned names in the history of electricity and magnetism for his own use. See Fig. 1 .
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